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NATICNAL ADVISORY COMMITTEE FOR AERONAUTICS 

RESEARCHMEMORANDUM 

. 
A SIMPLIFIED MATBEMATICAL MODEL FOR -IN'3 

AERODYNAMIC LOADINGAND DOWNWASHFORMIDWING 

WING-FUSELAGE COMBINATIONS WITH WINGS OF 

ARBITRARY PLANFORM 

By Martin Zlotnick and Samuel W. Robinson, Jr. 

It is shown that, for the purpose of calculating aerodyndc loads 
on the fuselage, the midwing wing-fuselage cotiination in subsonic flow 
can be represented by a simple system of horseshoe vortices located on 
the wing with images located inside the fuselage. Using this simplified 
mathematical naodel, a method for calculating the lift and longitudinal 
center of pressure on the fuselage in the presence of the wing is 
presented. 

In addition it is shown how the simplified mathematical model can 
be used for calculating the downwash behind the wing and for calculating 
the spanwise lift distribution on the wing in the presence of the 
fuselage. 

DiTRODUCTICN 

Mutual interference between wing and fuselage has a significant 
effect on the pitching moment of the wing-fuselage combination since 
the longitudinal distribution of the aerodynamic loading on the fuse- 
lage is altered by the presence of the wing. For configurations with 
unswept wings Multhopp (ref. 1) has developed a theoretical method for 
calculating the pitching moment on wing-fuselage combinations which gives 
good agreement with experimental results. However, for calculating the 
pitching moment on swept-wing cotiigurations, only semiempirical methods 
such as that of reference 2 are available. 

I 

‘I 

The aerodynamic loading on the fuselage in subsonic flow is consid- 
ered in references 1 and 2 to be made up of two parts. The first part, 
which is due to the fuselage angle of attack resulting from both the fuse- 
lage geometric angle of attack and the upwash angle induced by the wing, 

. 
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has been calculated in reference 1 for straight-wing configurations and 
&odified in reference 2 for the swept-wing case, The second part, which 
is often referred to as the wing lift "carried over" by the fuselage 
(which will be referred to in this paper as the induced lift), has been 
calculated analytically for the straight-wing case by Multhopp. However, 
for swept wings Multhopp's calculation cannot be applied and no other 
theoretical method has been available. In reference 2 this component 
of loading is estimated by an empirical method. 

In order to calculate the induced lift on the fuselage in combina- 
tion with a wing of arbitrary plan form, a method ie suggested in the 
present paper which is based on Lennertz's (ref. 3) theoretical work. 
Lennertz'a results, which are concerned only with an unswept lifting 
line passing through the axis of an infinitely long cylindrical fuse- 
lage, are, in effect, generalized so that in subsonic flow the magnitude 
and center of pressure of the induced lift on the fuselage when combined 
with a swept lifting line, or even a lifting surface, can be calculated. 
A numerical example is given in the appendix to illustrate the method. 
The effect of finite fuselage length IS estimated qualitatively from 
results of an approximate calculation of the variation with slenderness 
ratio of the induced lift on an ellipsoid of revolution conibined with an 
infinite vortex. The approximate calculation is shown to give results 
which agree with results of Vandrey (ref. 4). 

In calculating the induced lift on the infinitely long fuselage, 
the wing-.fuselage combination is replaced by a simple system of horse- 
shoe vortices (or doublets) on the wing, with images inside the fuselage. 
This representation may also be used, with some modifications, in calcu- 
lating the lift on the wing in the presence of the fuselage and also the 
corresponding downwash. However, for calculating the downwash and the 
lift on the wing, the simplified representation of the wing-fuselage 
combination, although it is considered to be adequate, is no longer 
rigorous, and the general applicability will depend on experimental 
verification. 

SYMBOIS 

A aspect ratio (wing alone) 

a maximum radius of body of revolution 

b wing span 

C wing chord 

'z mean chord, S/b 
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=2 local lift coefficient 

d major axis of ellipsoid of revolution 
9 

r, total lift on the fuselage 

P pressure 

q 

S 

dynamic pressure 

wing area (wing alone) 

8 semispan of bound leg of horseshoe vortex 

UC0 free-stream velocity 

u NIEX . maximum longitudinal velocity on surface of body 

+P 

rb 

Y 

P 

longitudinal center of pressure 

vortex strength 

spanwise loading coefficient on wing, cc@ 

mass density 

Subscript: 

n particular pair of horseshoe vortices 

A prime denotes that the quantity is dimensionless with respect 
to a; an asterisk denotes that the quantity is dimensionless with 
respect to b/2; and a bar over a symbol denotes that the quantity is 
dimensionless with respect to s. 

BASIC CONSIDERATIONS 

Midwing Configurations With Axisymmetrical Fuselages 

In the major part of the analysis the fuselage is assumed to be an 
infinite cylinder. To obtain a qualitative estimate of the effect of 
the finite fuselage length, the variation with slenderness ratio of the 
lift on an ellipsoid of revolution with a wing of infinite span will be 
calculated approximately in one of the following sections. An approxi- 
mate method for making the small correction for this effect will be 
indicated. 
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Review of results obtained by Lennertz.- Lennertz (ref. 3) has cal- 
culated the lateral and longitudinal lift distribution on the fuselage 
of an idealized wing-fuselage configuration, in which the fuselage was 
represented by an infinite circular cylinder and the wing by a vortex 
having constant spanwise circulation. The vortices trailing from the 
wing tips have images inside the cylinder, and the bound vortex is 
extended inside the cylinder to join the trailing image vortices as 
shown in figure 1. With this configuration, the boundary condition on 
the cylinder of zero velocity normal to the surface is satisfied only 
at infinity and in the plane normal to the cylinder axis which passes 
through the vortex so that it is necessary to stperimPose an additional 
potential, which Lennertz calculated. For this case the lateral lift 
distribution was obtained by considering the momentum change in a verti- 
cal plane infinitely far behind the wing, and the longitudinal lift dis- 
tribution was obtained by the use of Bernoulli's equation. 

Induced lift on an infinite cylinder with a finite wing having 
constant spanwise circulation distribution.- It will be shown that 
the fuselage lift Lf and its lateral distribution dLp/dy are not 
affected by the additional potential so that only the components of Lf 
and dLf/dy due to the vortex potential need be calculated. 

Neglecting all other singularities, the lift on a longitudinal 
section of the cylinder dy (see fig. 1) due to the vortex potential 
is calculated as follows: 

The pressure p of any point on the surface of the cylinder can 
be written 

P = Po +(U,+AU)~ +Av2+Aw2 L 
where Au, Av, and Aw are, respectively, the longitudinal, lateral, 
and vertical components of velocity induced by the vortices. The sec- 
tion lift dLf/dy is then written 

dLf m 
-= 
ay St pu - Pz>ax 

-00 

where p, and PZ are the pressures on the upper and lower surfaces, 
respectively. 
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Then 

ar, m 
- = 2pU, s Au dx 
dy -CD 

(1) 

Only the velocities induced by the bound vortex contribute to the lift. 

It may be noted that, since the dietribution of the longitudinal 
Velocities induced by the borrnd vortex is symmetrical about its axis at 
every section dy, the longitudinal center of pressure of the lift due 
to the vortex potential is on the axis of the bound vortex. 

A closed expression for the integral Fn equation (1) may be readily 
derlved as follows: Consider the rectangular path indicated by the 
dashed line In the upper right sketch in figure 1 and the cross section 
downstream at Infinity shown in the lower right sketch of the same fig- 
ure. The line integral of the tangential velocity component, taken 

around the complete rectangle, s Au de must be rb where the path 

links one of the horseshoe vortices (I:$1 < I4 < Ial) andmustbe zero 

where it does not lirk one of the horseshoe vortices 
t 
o< IyI < s- 

I I> b/2 
. 

Then the desired integral in equation (I), which is the longitudfnal 

portion of the complete line integral s Auds, must equal s Au de 

minus the line integral along the short vertical line at infinity 

s 

2 
Aw(co,y,z)dz, where u referstotheup~er surface and 2 refers to 

U 
w 

the lower surface. The integral 
s 

Audx is 
--m 

s 

co 

-m 
Au dx = #Au ds -j-u' Aw(oo,y,z)dz 

Since 

w Au=-- a2 

(2) 
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then 
t 

Aw dz = $8, - (6, 

where & and $2 are the po-kntbda on the upper and lower surfaces, 

respectively, Tn the plane x = a. When 

and 

and when 

a2 

s 
Au ds = rb 

the strength of the image vortex located at 

- is increased by IC 
b/2 

- 



~CA RM ~52J27a 

Then; from equation 
lWt canbewritten 

~Au ds = 0 
J 

(2), the lateral lift distribution of the induced 

7 

- - 

ee -= W (,u& 1 - : t=-L = 
L 

(-a < y < a) (3) 

and after integration over y 

which are the same as the expreesions obtained by Lennertz for +d* 
and the total fuselage lift Q. The componente of If and dLf/dy 
due to the additional potential must therefore be zero. 

The longitudinal lift distribution on the cylinder calculated by 
Lennertz, which included the effect of the additfonal potential a8 well 
as the vortex potential, is slightly different from that whFch would be 
calculated due to the effect of the vortex potential alone. However, 
both distributions are symmetrical about the axis of the bound vortex. 
The longitudinal center of pressure of the lift due to the vortex poten- 
tial must be at the bound-vortex axis because the longitudinal velocities 
induced on the surface of the cylinder by the bound vortex are the same 
fn front and in back of the bound vortex as noted before. That the 
longitudFna1 center of pressure of the lift due tc the vortex potential 
and the additional potential muat be at the axle of the bound vortex as 
the Lennertz calculations show (although he does not flay this explfcitly) 
can be shown as foIlon: 

Superposition of infinite vortices canceling the semi-infinite 
trailing vortices of figure 2(a) aa shown in figure 2(b) will not change 
the longitudinal 1Wt distribution on the cylinder sFnce no longitudinal 
velocitiee are induced. It ia apparent that the syetem is the same a8 
before, w-ith the direction of the trailing leg8 of the horseshoe vorticee 
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reversed; therefore, the longitudinal distribution on the infinite 
cylinder must be symmetrical about the axis of the bound vortex, since, 
if it were not, the longitudinal lift distributions on the cylinders in 
figures 2(a) and 2(b) would be different. 

From the analysis in this section of the wing and cylinder combina- 
tion it can be seen that, for calculating the lift on the cylinder, its 
lateral distribution, and the longitudinal center of pressure, it is 
necessary to consider only the effect of the vortex potential. This 
lift due to the vortex potential will be referred to hereinafter as the 
"induced lift." 

Simplified representation of the wing-fuselage combination.- In 
this paper, the wing-fuselage conibination Kill be represented by a system 
of discrete horseshoe vortices and images, so that configurations tith 
tinge of arbitrary plan form may be treated. It is necessary to super- 
impose two pairs of horseshoe vortices of the type shown in figures 1 
and 3 to obtain the vortex-image system of figure 4. The vortex-image 
system of figure 4 can be used to represent wings of arbitrary plan form 
in the manner shown In figure 5 by locating the bound vortices on the 
King quarter-chord zinc or by distributing them over the wing surface in 
the same manner. Since the discrete horseshoe vortex becomes a doublet 
line as the length of the bomd leg approaches zero, it is also possible 
to represent the wing by a continuous distribution of doublets. 

Figure 3 shows the larger pair of vortices with span 2(yn + B) and 
strength +I' near the smaller pair of span 2(Y, - 4 and strength -r. 
When the bound legs of the smaller are moved to coincide with the bound 
legs of the larger, the net vortex strength along the section where they 
coincide is zero. and the remaining sections of the lamer bound lene 
form the bound legs of the desired-system (see fig. 4).- From equa-- 
tions (3) and (4), the lateral dietribtiion of the induced lift and the 
total induced lift for the vortex-image system shown In figure 4 are 
given by the following expreseions: 

/“T.l I- I -I 

AM = ccz 
G () 1 

E 
$ tan’l qyn - +la2 - y2 _ tan’l 2bn + aa - Y2 

n (yn - 8)2 - a2 (yn + B)~ - a2 
i 

(5) 

. 
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. 

is the loading coefficient on the wing at the station yn. 
n 

Since it is known that the longitudinal center of pressure of the 
induced lift (and total lift) for each pair of horseshoe vortices and 
images is still located at the axis of the bound vortex, it is possible 
by superposition to calculate the pitching moment on the fuselage in 
the presence of a wing of arbitrary plan form if the lift distribution 
on the wing Fe known, although the complete longitudinal lift diatribu- 
tion cannot be calculated unless the component of loading due to the 
additional potential is calculated. The total induced lift and its 
lateral lift,distribution can aleo be calculated by superposition. The 
method is discussed in one of the following sections, and an iU.ustra- 
tive example is given in the appendix. 

Effect of Finite Fuselage Length on the Induced Lift 

To obtain an estimate of the error involved in the assumption of 
the foregoing analysis that the fuselage is infinitely long, an approxi- 
mate calculation kill be made of the effect of slenderness ratio on the 
induced lift of an ellipsoid of revolution combined with an infinite 
vortex. The 1imLtIng case of the epherical fueelage is treated first 
in the m8nner of Vandrey (ref. 4), and-then the general ca8e is treated. 

Calculation of the lift on a sphere-vortex combination.- The poten- 
tial of the sphere combtied with an infinite vortex (fig. 6(a)) is written 

cp (7) 

where the potential for the sphere in the free stream 18 
. 
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r - 
41 = u,x 1 + & 

(p +: + zq 

and the potential for the vortex is 

% = g tan-1 f 
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(8) 

(9) 

The lift on a section of the sphere in the plane y = Constant is 

where pu and ~2 
respectively, 

are the pressures on the upper and lower surfaces, 
From Bernoulli'e equation, 

P= p. + $ (u + Au)~ + (v +Av)~ + (w + Aw)~ 
C 1 (11) 

and 

Pu - Pz = 2p(u Au -I- w Aw) 

where Au, Av, and Aw are the velocities induced by the vortex on 
the upper half of the sphere and u, v, and w are the local velocities 
on the surface of the sphere, Thu8 

u=gu, a2 - x2 w= 
a2 

$ u, = 
a2 

J 

(12) 
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The lift on the section at y = Constant is 

which may be written in the form 

EL pu 
s 

f(Y) 

m8X 2 Au dx 
ay -f(Y) 

11 

(131 

(14) 

since 

and since 

when X = 0, SO -t&t 

For an infinite cylinder with an infinite cortex, equation (14) will 
also hold. In this case 

U IL%X = u, 

Au = rb 
2rr a2 - 3 + 2 

f(Y) = Q) 
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From equation (13) or (14) the lift obtained for the sphere is 

and for the cylinder 

Equation (14) gives the exact result for the case of the sphere 
with an infinite vortex and the same result as the Method of Lennertz 
for the case of an infinite cylinder with an infinite vortex. It is 
euggested, therefore, that equation (14) may be used to obtain a quali- 
tative estimate for the intermediate case of an ellipsoid of revolution 
having a slenderness ratio between 1 and infinity. This assumption will 
be made in the following section and it will be shown that the value 
obtained for the induced lift by using equation (14) is very close to 
that obtained by the more accurate mathematical treatment of Vandrey 
(ref. 4) for the case of an ellipsoid having a slenderness ratio of 5. 

Calculation of the lift on a combination of an ellipsoid with an 
infinite vortex.- From equation (14) the local lift on the ellipsoid is 
written 

dLtp 
-- = P%ax W 

2 Au dx 

From figure 6(b), 

f(Y) 

Au rb =- 
23X 

(15) 

(16) 
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The integration indicated in equation (14) yields 

ld&e umax 1% -m= 
Pumrb dY l+$ 

(17) 

The values of U,,/Uoo given as a function of the BlendeI'neBs ratio in 
reference 5 are shown in figure 7. 

1 aL, Figure 8 shows a plot of, - - against d/a. The result of 
Puo,$ W 

a calculation by Vandrey for the case of an ellipsoid with $ = 5 d8 
shown to fall near the curve in figure 8. BInce Vandrey's calculations 
appear to be accurate to 0.05, the agreement may be even better than is 
indicated in figure 8. Vandrey's results are obtained by difficult 
computations for each body separately, and his method does not Held a 
general expression similar to equation (17). 

Figure 8 indicates that the induced lift on the ellipsoFds having 
high slenderness ratios (d/a 7 5) is about 90 percent of the induced 
lift on the infinite cylinder. Since the fuselage is similar effec- 
tively to a semi-infFnite cylinder because of'the wake which extends 
behind it, the 1088 in lift due to the firiite fuselage length is about 
half of that indicated by the calculation for the ellip8oid of revolu- 
tion. The value of induced lift obtained by assrrmtig the fuselage to 

. 

be an infinite cylinder may be multiplied by the factor h(l + U$;=) 

to correct for the fin5te fuselage length; however, this approximate 
correction can usually be neglected since it is nearly unity for most 
practical slenderness ratios. State the correction 18 Small, it i8 
assumed that it may be applied directly for the finite-wing case without 

introducing significant error, so that the factor $(i + uy$) 18 to 

be multiplied by equations (5) and (6) t 0 correct for finite fueelage 
length. 
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APPLIcATIczJ OF SlMPLIFIEDMATHl%NT ICAL MODEL TO CALCULATION 

OFTHEAEXODYNAMIC LOADINGANDDOWNWASH 

In the following sections, the method for calculating the induced 
lift will be described and discuesed and Method8 for calculating the 
spanwise loading on the wing and the downwash will be outlined. The 
methods for calculating the downwash and epanwise lift distribution 
are not rigoroue since the effect of the additional potential, which 
ha8 not yet been calculated, must be approximated by a simple correc- 
tion. Although the validity of the correction muet depend on experi- 
mental verificatLon, it is believed to be adequate, and the exact value 
of the additional potential may be incorporated into the method immedi- 
ately when it is calculated. 

Method for Calculating the Induced Lift on the Fuselage 

If the lift distribution on the wing in the presence of the fuse- 
lage is tiown, say from reference 6 or the method outlined in the 
following section (see fig. g), the induced 1Fft may be calculated very 
8implY. A sample numerical calculation is shown in the appendix. It is 

only necessary to substitute into equation8 (5) and (6) the value of 

loading coefficient, cc1 -, for each of the'discrete horseshoe vortices. 
E 

az, The values of the increments of the lateral lift distribution8 A - 
dy 

on the fuselage due to all of the horseshoe vortices and their images 
obtained from equation (5) are superimposed to get the complete lateral 
lift distribution dLf/d~. The increment of total lift for each pair 
of horseshoe vortices and image8 ALf acts at the bound-vortex axis, 
and the longitudinal center of pressure of the total lift Lp is 
obtained simply by dividing the sum of the moments of the incremental 
total 1iftB ALf by the total lift Lf (the sum of the increments ALf). 

The results of the calculation for the lateral distribution and 
longitudinal center of pressure carried out in the appendix are pre- 
sented in figures 10 and 11, respectively. Figure 11 show8 the incre- 
ment of total lift ALf contributed by each pair of vortices and images 
and it can be seen that the contribution to the total lift Lp due to 
the outboard part of the wing (the contribution8 fa&heBt aft in the 
side view) are small compared to the contribution of the inboard part 
of the wing. The induced lift on the fuselage has aleo been calculated 
by using the wing-alone spanwise lift distribution shown in figure 9; 
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. that is, the effect'of the fuselage on the wing is neglected. It can 
be seen in figures 10 and ll that, although there ie about a lo-percent 
increase in the magnitude of dl-p/dy and Lp due to the effect of the 
fuselage on the wing, the lateral and longitudinal load distribution on 
the fuselage is practically unaffected. The correction for finite length 
has not been included in the calculations. Its only effect would have 
been to decrease the magnitude of the lift, but it would not alter the 
lateral or longitudinal distribution. 

5 
-1 The total lift and moment on the fuselage can be obtained by adding 

the components of lift and moment due to the induced lift to the cam- 
ponents of lift and moment due to the local angle of attack of the Fuse- 
lage (which can be calculated as shown in ref. 2). The lift and moment 
on the part of the wing outboard of the fuselage wall calculated by the 
method of reference 6 or the method of this paper (described in a later 
section) may then be added to the lift and moment on the fuselage to 
get the total lift and moment on the combination. 

Outline of Method for Calculating the Lift on the Wing in 

the Presence of the Fuselage 

The lift distribution on the wing will be calculated by equating 
the dOWnWaSh angle induced at the three-quarter-chord line by the horse- 
shoe vortices centered on the quarter-chord line (see fig. 5) to the 
local angle of attack on the three-quarter-chord line at several points 
along the span. Since the boundary condition8 on the fuselage are not 
completely satisfied by the vortex-image system of figure 5 in the 
region near the bound vortex, it is necessary to resort to certain 
approximations in calculating the downwaeh. Calculation of the exact 
values of these downwash functions would require the calculation of the 
additional potential which involves a great deal of time and effort, 
but if such calculations were made, the values could be used directly 
in the present method and the restrictions suggested below would be 
eliminated. 

The approximation8 described in the following sections improve as 
the longitudinal distance from the downwash points to the bound vortex 
increases so that this method is considered to be best-suited for con- 
figurations having fairly small ratioa of diameter to root chord, say 
for straight wings with Diameter 5 & Root chord 

and for swept wings with 

Diameter 5 1. 
Root chord 3 

Calculations of the aerodynamic loading on a wing and 

tip-tank combination, using a method COrreBpOnding to the one described 
herein with the downwash points located about 1 tip-tank diameter behind 
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the bound vortex Diameter NN 1 
Tip chord 

2 
> 

, have been found to yield results in 

good general agreement with experimental results. 

Domwash in region near the wing bomd vortex.- Although the 
boundary condition8 are satisfied completely only at infinfty, the 
trailing legs of a single pair of horseshoe vortices and images also 
satisfy the boundary conditions on the cylinder in the plane perpen- 
dicular to the cylinder axis which passes through the bound leg8 of the ; 
hor8eshoe vortices. In addition, the boundary conditions on the cylin- 
der are Satisfied completely by the Semi-minite vortex-image system 
everywhere in the plane of the horseshoe vortex. Since the boundary 
conditions on the cylinder are satisfied exactly at the potits noted, 
and are partly satisfied everywhere else, it will be assumed that the 
downwash due to the trailing vortices may be calculated approximately, 
at least in the plane of the horseshoe vortex, without introducing any 
correction factor. 

It will be necessary, however, tm use a correction factor in calcu- 
lating the downwash due to the real and image bound vortices which have 
the greatest tendency to violate the boundary condition of zero velocity 
normal-to the surface of the cylinder. It will be assumed that, along 
a line parallel to the bound vortex, the effect of the cylinder on the 
vertical flow induced by the bound vortex will be the same as its effect 
on a two-dimensional uniform rectilinear flow, so that the downwash 
induced by the bound vortices on that line is increased by the fac- 

a2 tor 1+2 
ya 

The downwaeh angle at a point at y = ya and x = ~a (shown in 
fig. 4) is then written 

1 b --- 
ca-4rrA2~ n ix Y, Fn(X,Y,O) + Gn(x,Y,O) 

c 

(18) 

where the downwash factor due to the trailing vortices F, and the 
downwash factor due to the bound vortices G, may be calculated by 
the Biot-Savart law. 
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The function Fn is the sum of four terms, each having the form 

1 

yn - ya - -1 ‘[[ 
(the term corresponding to the trailing legs of the horseshoe vortex 
centered at y = yn) and the function G, LB the BUD Of fOIlr teIXl8, 
each having the form 

- 
1 53 - Fa + 1 

xa - xn 
\k %2 - Fa f 1)2 + (xa - ji,)2 - 

L 

(the term corresponding to the bound leg 
centered at y = yn). 

Yn - Ya - 1 

\1< Yn - Ya - 1)2 + (jta - Zn)2 
1 

of the horseshoe vortex 

Scheme for calculating spanwise lift distribution on the wing.- The 
lift distribution on the wing is calculated by equating the downwash 
angle on the wing induced by the vortex-image system to the local angle 
of attack on the three-quarter-chord line of the wing at n points a8 
in reference 6. Thue equation (18) is written for each of the n sta- 
tions, and the simultaneous equations can then be solved for 7, at 
n points on the span. The + marks in figure 5 indicate the points 
where the downwash is equated to the local angle of attack. 

The effective angle of attack a, is equal to the geometric angle 
of attack on the wing ag plus the angle of attack induced by the 
fuselage 

(19) 
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and 

ee' 
a2 =afl+- 

( ) 
2 -w 

ya 

where cup is the geometric angle of attack of the fuselage and the 
factor 1 + 2 

P 
takes into account the increase in the vertical velocity 

of the free stream in the neighborhood of.the fuselage as calculated by 
assuming the fuselage to be an infinite cylinder in a +X0-dimenSiOna 
uniform rectilinear flow of magnitude Vcrf. 

The effect of finite fuselage length (referred to in ref. 6 as the 
"inflow effect") must be included separately by multiplying 7 at each 
spanwise station'by the factor 1 + 26 where 6 is the ratio of the 
local increment of longitudinal velocity due to the fuselage to the free- 
stream velocity. AS shown in reference 6, the factor 1 + 26 is used 
to account approximately for the small increase in dynamic pressure in 
the flow over the wing due to the increase in the local longitudinal 
velocity near the surface of a fuselage of finite length. 

Outline of Method for Calculating the Downwash 

The downwash calculations made in this section are for the ca8e 
when the wing is at an angle of incidence with the fuselage at zero 
geometric angle of attack. The accuracy of the calculated result8 mu8t 
be verified by experimental results; however, by COmYPariBOn with results 
of downwash calculations for the wing alone, the results of the calcu- 
lations for the downwash in back of the wing-fu8elage combination may 
serve to give useful information regsrding the effect of the wing-fuselage 
interference. 

As was noted previously, the boundary conditions on the wing-fuselage 
combination are completely satisfied by the vortex-image system infinItely 
far behind the wing. At a great distance behind the wing, therefore, the 
theoretical value of the downwash can be calculated accurately for a 
given spanwise lift distribution. This calculation is simple, and the 
results may be useful for certain applications. However, the approxi- 
mations made in the preceding section for calculating the downwash at 
the wing three-quarter-chord line may give more accurate results for 
the downwash calculated in the plane of the wing in the region nearer 
the bound vortex. 
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If the lift distribution on the wa is Imown, say from the method 
of reference 6, or the method outlined in this paper, the downwaah angle 
in the plane x = ~1 may be calcirlated by adding the downwaeh due to 
each pair of trailing vortices and their images. Thus, from the Biot- 
Savart Law and figure 4, the downwash angle I+ at the point, y = ya, 
2 = Zag and x=m Is given ae 

Q = 2) rnFn 
2YcAs* n 

where 

yn -ya+l Yn - ya -1 
F, = + 

?', - ;y, + 1 > 
2 

+ E,2 ST, - Fa - 1)' + Ea2 

% +ya+l ;Yn + ?a - l 
+ 

( 
yn + fa + 1 

> 
2 + za2 ( 

yn + pa - 1 
> 
2 t ka2 

(211 

d Yn = (cCZ/E)n is the local lift at station fsn. 
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The representation of the wake by discrete vortices is satisfactory 
if the downwash is calculated at points halfway between the trailing 
legs y, = ( yn)* The values calculated at these points may be faired 
to obtain a continuous spanwise distribution of downwash angle. 

For the purpose of calculating the longitudinal loading on the fuse- 
lage in subsonic flow, a midwing wing-fuselage combination has been repre- 
sented by a system of discrete horseshoe vortices and images. using this 
simplified mathematical model, a method for calculating the lift on the 
fuselage induced by the wing is presented and illustrated by a numerical 
example. This "induced liftW can be added to the lift on the part of 
the wing outboard of the fuselage and the lift on the fuselage due to 
the upwash induced by the wing to get the total loading on the wing- 
fuselage combination with an axisymmetrical fuselage and a wing of 
arbitrary plan form. 

In addition to the method for calculating the induced lift, which 
is theoretically rigorous, methods for calculating the downwash far 
behind the wing and for calculating the spanwise lift distribution on 
the wing in the presence of the fuselage are outlined. In calculating 
the spanwise lift distribution on the wing, approximations are made to 
account for the effect of the "additional potential" 80 that the method 
is not rigorous. However, the effect of the additional potential may L 
easily be incorporated into the method when it is calculated. 

Langley Aeronautical Laboratory, 
National Advisory Committee for Aeronautics, 

Langley Field, Va. 
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A numerical example is given to illustrate the method presented in 
the body of the paper for calculating the induced lift on the fuselage. 

Geometric characteristics of the midwing configuration used in the 
illustrative example.- The plan view of the King-fuselage combination 
is essentially the same as shown in figure 5. The geometric data are 

Aspectratio ........................... 8 
Taper ratio ........................... 0.45 
Sweepback, deg .......................... 45 
a* .............................. ..O .lO 
s*................................o.o 5 

Spanwise loading on the wing in the presence of the fuselage.- The 
spanwise lift distribution on the wing in the presence of the fuselage 
tabulated below and shown in figure 9 is the same as the one obtained 
in reference 6 for a high midwing configuration. It is, however, quali- 
tatively correct for the pure midwing case and is ueed to illustrate 
the procedure for obtaining the induced lift on the fuselage. The lift 
distribution on the wing in the presence of the fuselage plotted in fig- 
ure 9 is tabulated as follows: 

1 n * Yn 

0.15 
025 

2; 

2; 

2; 
095 

* xn 

0.15 
025 

2; 
955 
-65 

2; 
095 

ccz 
(3 E n 

0.369 
-366 

:;Z 
0319 
-300 
.266 
-241 
-200 

Longitudinal distribution of the induced lift.- Equation (6) which 
gives the lift on the fuselage due to a single pair of horseshoe vortices 
at (%'r*n') and their images can be wr-Ltten 

--- 
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* 8 2 

Yn 
r2 - .,2 

The total lift Lf/qS is then 

5=s*qqny ,22 (2 
n - 8 

NACA RM L52J27a 

(m) 

The longitudinal center of preesure referred to the intersection of the 
quarter-chord line and the fuselage axis of symmetry (see fig. 5) is 

The computed val.ueB of Lf/qS and xcp' are obtained from the values 
presented in the following table: 

2 
n 2 xnt 

YIl ,2 _ *a2 

1 1.000 o-369 0.554 
2 .333 -3-22 0305 

2 .lOO .1.68 -034 .0&l .210 0153 
65 .066 .040 .014 .021 .116 

.og1 
s7 .036 .028 -007 .OlO .0&J -075 

9 .022 .005 .048 

t = 0.642 t = 1.612 
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- = 0.05 -& = 4e 
( ) 

2 @ 1 E ny#2-e12 
11 

= 0.032 

$ (3, ,22 - 8' 2 Fnt 
xcpf = 

y 
n 

cc2 

&( > 

2 

1 2n y (2 _ s,2 
n 

= 2.51 

The values of ti 2 
2 2 are plotted as vectom in fig- 

nynt -at 
ure 11. The location of xcp* is also shown. 

Lateral distributfon of the induced lift.- 
the lateral distribution of the induced lift on 
single pair of horseshoe vortices at 
mitten 

(%',bn') 

7 % *dy ( ) 
qc' 

=$ ccz 
( )[ 

tan-1 2(Yn' - B') 4-K-p. 

E n 
_ tan-l 2(Yn' + St)67 

( Yn' - 6 '2-l 1 ( Yn’ + at)" - 1 
1 

Equation (5) which gives 
the fuselage due to a 
and their Images can be 

(A41 

The total lift at a etation *' on the fuselage is then 

ee SE.=2 u I[ Se Rn 
C+ tan.l 2(Yn' - st)K-7 _ tan-l 2(Yn' + at)tP 

n (yn' - F3y - 1 -1 

(A51 



The value of ay -at $y' 
SE 

= 0.25 is calculated from the values in the following table (the 

lateral lift at any station can be calculded in a similar manner): 

C I' 0 I 

n tan-l 
2(y,' - B') r 1 - yf2 

tan-1 
( yn' - a' 1 2 -1 

1 1.5n 0.918 0.241 
2 .g18 .633 .104 

z 0633 .481 .481 .oslc .032 

2 

:3 ,217 

.020 .014 

s7 - .244 l 279 .OlO l m7 
9 .217 0195 .005 

E = 0.487 

ar, 
F -= 
SE 

0.6375 cc1 1 (-J&g- 6$ = 0.310 

at y' = 0.25. The complete lateral lift distribution ia shown in figure 10. 
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Figure l.- Combination of horseshoe vortex and infinite cylinder. 

. 
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Figure 2.- Illustration showing superposition of Infinite trailing 
vortices on cylinder and horseshoe vortex system. 
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Figure 3.- Superposition of two unequal pairs of symmetrical horseshoe 
vortices to form a discrete horseshoe vortex-image system. 

t 
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Figure 4.- Cylinder with a pair of symmetrically disposed horseshoe 
vortices and their images. 
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Figure 5.- Cylinder-wing combination. Sweepback angle, 450; 
taper ratio, 0.45; A = 8; a* = 0.10. 



NACA FM L52J27a 31 

(a) Infinite-vortex-sphere 

I 
configLmation, 

t 
z 

1 

(b) Infinite-vortex -ellipsoid configuration. 

Figure 6.- Illustrations of sphere with infinite vortex and ellipsoid 
with infinite vortex, 
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Figure 7.- Effect of slenderness ratio on the maxlmum velocity of flow 
past an ellipsoid of revolution, 

W 
to 



Figure 8.- Effect of s,lenderness ratio on the lift carried by an ellipsoid 
of revol,ution intersected by au infinite voeex having the strength rb. 
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Figure g.- Lateral 1st dietribution on wing alone and on a wing-fuselage 
combination. Sweepback angle, 49; taper ratio, 0.45; A = 8; a* = 0.10. 
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Figure lo.- I&era1 distribution of inducea lift on the fuaehge in the 
P=ence of the wing. Sweepback angle, 450; bper ratlo, 0.45; A = 8; 
a* = O.lO),~,/ 
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Figure XI..- Imgitudinal distribution of induced lift on fuselage in the 
presence of the wlsg. Sweepback angle, 4$; taper ratio, 0.45; A = 8; a* = 0.10. 

. I , . 


